REPRESENTATIONS BY QUADRATIC FORMS

HAOYUN YAO

AssTRACT. This is the final paper report for a topic course in 2026 spring at Duke lectured by Lilian Pierce. The topic
is on representations by quadratic forms, following and elaborating [1K04, §20.4].
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1. INTRODUCTION
Let (a,)n < Cbe a sequence, and let f(z2) := ) a,e*™™* (2 € H) be its exponential generating function. By

n=0
orthogonality, one has the integral representation of each a,,:

w41
ay, = J f(x +iy)e 2 @) qy

where w € H, and the implicit path (in H) is arbitrary. Any potentially useful decomposition of the unit interval
arising from a suitable choice of w falls under the umbrella of the circle method.

In [HR18], Hardy and Ramanujan initiated this approach, successfully obtaining an asymptotic expansion
for the partition number p(n). Later, in the 1920s, Hardy and Littlewood, in a series of papers, exploited this
idea to derive an asymptotic expansion for the size of the set

{(xlaaxr>EZT|$lf++$£:n}
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under the assumption that r > 2*. A case of particular interest is k¥ = 2, counting the number of ways to write
an integer as a sum of squares; the Hardy-Littlewood assumption then becomes r > 4. In [Kl0o27], Kloosterman
refined their method to obtain asymptotics when (r, k) = (4,2). In particular, this result recovers the famous
theorem on sums of four squares by Lagrange (for large integers).

In the cases of Hardy-Ramanujan and Kloosterman, the generating function f(z) has strong modular prop-
erties. In particular, it admits good asymptotics toward the rational boundary of the upper half plane H. The
circle methods aforementioned utilize the Farey sequence, which is a way to sort the reduced fractions of a
fixed size of denominators in increasing fashion, providing a nice decomposition of the unit interval. The main
term in the expansion often arises from the major arcs, namely those fractions with small denominators, and
the error term comes from the minor arcs, their complement. Even in the case when f(z) is not modular, as
in the case of Hardy-Littlewood, sufficiently strong estimates for exponential or character sums are sufficient;
see [IK04, §20.2] and [PS] for further exposition. We emphasize that the Kloosterman circle method does not
distinguish the major and minor arcs. Instead, it relies on strong estimates for complete Kloosterman sums.

The introduction is not intended to be exhaustive. In particular, asymptotics of other sequences (represen-
tation numbers of cubic forms or zeros of quadrics) or other refinements are not mentioned. For a concise
summary, we refer the interested reader to [HB96].

1.1. Main. Following [IK04, §20.4], we discuss the Kloosterman circle method for positive definite integral
quadratic forms of variables > 4. To state the result, let A € M, (Z) be a positive definite symmetric matrix
whose diagonal entries are even, and set Q(z) = 32’ Az. Set

a, =7(n,Q)=#HzxeZ" | Q(z) =n}
which is a finite set since () is positive. The proof of the following theorem is given in §4.2:

Theorem 1.1. Forr > 4 and n > 0, one has

(2m)zn3~1

Fldera] O @+ 0T

r(n, Q) =

where the implied constant depends on @ and € > 0. Here &(n, @) is the singular series

0
S(n,Q) = Z Z Z e2mi e (n=Q(h))

q=1 €(2/q)* he(Z/q)"

and I" denotes the usual Gamma function. O

Given the potential dependence of the singular series on n, the expansion in Theorem 1.1 is only useful if

(i) &(n,Q) is nonvanishing, and
(ii) there exists an upper bound of &(n, Q) relatively small with respect to the error term.

We discuss (i) in §5.1, and (ii) briefly in §5.2 with some references indicated.

1.2. Potential future works. The argument discussed in the article is purely classical. One can ask if the argu-
ment can be replaced by an adelic argument. This is more or less done in [Get18] assuming r is even, however
using another (smoothed) form of the circle method introduced by Heath-Brown [HB96]. Strictly speaking,
[Get18] only deals with the size of zeros of the quadratic form rather than the representation problem, but
[HB96] does two of them in a rather uniform way.

The essential obstruction of an adelic treatment is to find an adelic §-symbol expansion. When r is even,
the unramified computation for the singular series is easier, as in the classical case (see the remark in §5.2).
Following the d-expansion in [Get18] and replicating the argument in loc. cit. and in [HB96], one should be
able to present an adelic treatment.
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We also note that instead of an asymptotic expansion, in [Get25] a full expansion (again for the size of the
zeros) is obtained, still assuming r is even. The assumption is made so that one can work with SLy rather than
its metaplectic group. One should be able run the argument in loc. cit. for the metaplectic group to obtain a
similar result for odd 7.

2. PRELIMINARIES

2.1. Notations. For a finite dimensional real vector space V, let V'V := Homg(V,R) be its linear dual, and let
S§(V') denote the space of Schwartz functions. The Fourier transform Fy v+ : S(V) — S(V'V) is given by

Fvyv f(vY) ::J Fy)e?™ D d
14

where dv is any Haar measure on V, and {:,-) : V x V¥V — R denotes the canonical pairing. We always choose
the Haar measure on V' according to dv so that the Fourier inversion formula holds (upon identifying V" with
VvV by the canonical map and Vv with the Pontryagin dual of V).

For a measure space (X, ¢t) and a finite measurable subset A < X, we write vol(A, 1) = p(A). When the
measure is clear from the context, we suppress p from the notation and simply write vol(A).

We write A «» B when there exists a constant ¢ depending on the set of parameters ? such that |A| < ¢/B|. A
choice of the constant ¢ will be called an implied constant. We suppress the set 7 either when the dependence
is clear, or the implied constant can be chosen to be absolute.

For two nonzero integers n, m, we write gcd(n, m) to denote the largest positive integer d such that d | n and
d | m. If ged(n,m) = 1, we write n L m. Recall the Bezout lemma: gcd(n, m) = min{an + bm > 0 | n,m € Z}.

We let M, and GL, denote the Z-schemes of r x r matrices and the invertible ones, respectively. For any ring
R, one has

GL,.(R)={Ae M,(R) | detAe R*}.
More generally, for a k-scheme and a k-algebra R, we let X (R) denote the R-points of X:
X (R) := Homge, (Spec R, X).
When X is cut off by some polynomials fi, ..., f¢ € k[z1,...,z,] in the affine r-space, one has

X(R)={xeR"| fi(x)=---= fo(x) = 0}.

2.2. Setting. Letr € Z3; and A € GL,(Q) be a positive definite symmetric matrix such that a;; € 2Zand a;; € Z
fori, j € [r]. Let

1 IS
Qz) = ixtAx =3 Z ] + Z i TiLje

i=1 i<j

ForneZ,let

r(n,Q) = Z 1.
xeZ”
Q(z)=n
Let
1) M = My :=min {me Zz, | mA~" € M,(Z)}.

Note that M < det 4, as A~! = (det A)~'adj(A). Note that det A € Z>; by positivity; nevertheless we will still
write | det A| and det A interchangeably
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2.3. Theta function. Form the exponential generating function

2) Oo(T) == Z emiRIM)T — 2 r(n,Q)e”i"T.

mezr n=0

More generally, form
(f | T Z emQ(m)‘r 2mi{m, §>

mezr

For ¢ ranging in a fixed compact set, the sum is absolutely convergent. Hence ©¢ : C" x H — C is entire, and
O (0] 7) = bq(7).

Lemma 2.1 (Poisson summation). Let V' be a finite dimensional real vector space and I' be a cocompact discrete
subgroup of V. Let I'V denote the dual lattice

={ eVY|(\T)cZ}.
For f € S(V), one has
2, f@) = vol( V/F 2 Tt

zel’ zel'v

Here vol(V/T') is computed the induced quotient measure on V/T" of dy by the counting measure on I'.
Proof. See [Ser73, p.107]. |

Lemma 2.2. Let Q* be the quadratic form on R" given by Q*(z) := 12" A~'2. Then
—5 —4dmit™ 2A !
Oo(€]m) = (£) * [deta temtmm '@ o, (205 1)

T T
Proof. Since A is positive definite, we can find B € GL,(R) such that B> = A. Then
Z e‘n’iQ(m)Te%rimf _ Z e‘/ri|\'y\|27'/2627ri<'y,3715> _ Z e7ri7'/2(||'7+2B_17'_1§|| 7||2B_1T_1€||2)

mezr ~el’ ~yel

where I' is the Z-span of the column vectors of B. Let f € S(R") be given by

P

112
€77THt2x72t 2B ¢

Assume 7 = 2it with ¢t > 0; then f(z) = , so that

Ff(z) = tfg67271'1’(30777515_1B_1£>677r\|m|\2/t.

By Poisson summation formula, we have

—7rt‘|23717'71£||2

Z eﬂ"LQ )T Zﬂ'zm& _ Z t—* —2midy,—it ' B7E) —7"||'YH /t
vol(R»/T")

mezL” ~er'v

where I'V is the dual lattice
={yeR"[{y,[) = Z}.

Note that v € I'V if and only if (v, Be;) € Z for all i € [r]. Since B is symmetric, this is equivalent to saying
(B, eiy € Zforallie [r]. Since Z" is self-dual, it follows that BI'Y = Z". Hence

. L —1pp—1 2 —1 —1 —1 —1 2
Z 6727r7,<'y,71t B 5}6771'“’}/” /t _ Z e~ 2mt (B™*m,B €>677T||B m” /t
~yel'v meL”

Z 6727rt_1<m,A_1§>6727rQ*(m)/t

A-le 2 —24-1
@Q*(th ;) ®Q*< 5|)




so that

(TN F amieiere L 247 4
Oalé| ) =(5;) "¢ vol(Rn/r)@Q*( P

It remains to notice that vol(R™/T') = |det B| = | det A|z.
For a later use, we recall the following estimate:

Lemma 2.3. For ¢ € S(R") and a < 1, one has
Y, plam) <y la| ™
meZ"—{0}

for every ¢ > 1.

Proof. By Poisson summation formula, we have
>, wlam)=lal™ 1 p(m/a)+]al"'B(0) — »(0)
meZ™—{0} meZr—{0}

Since ¢ is Schwartz, one has

+1
cp = sup [lz[|" [p(a)] < o0
xeR”™
so that
—r—1 —r—1
diolemia) <c, D, lmfal T <, Y Imll T < d
meZm—{0} meZ"—{0} meZr—{0}

Hence

Z plam) <, a7t
meZ™—{0}

Since a < 1, we have |a| =t < |a| ¢ forall ¢ > 1.

2.4. Dirichlet series. For a sequence (ay,), we formally form the exponential generating function

Q0
A(s) :== Z apn”°.
n=1
This is the Dirichlet series attached to (ay,),. We will need the following fact.

Lemma 2.4. The defining series of A(s) is absolutely convergent whenever

log " |a,|

R o =1 S —
e(s)>o 111\‘515;13p Tog IV

A(s) = sfo (Z an> S

n<xT

In this case, we have

and

S anF = A(s) + O (X~ (Rels)=a0) )

n<X

forall 0 < € < Re(s) — o,.

Proof. An application of the partial summation; see [MV07, Theorem 1.3, Exercise 1.2.1.4(b)]
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Lemma 2.5. For X > 0, one has

_1
Z q 2 < X°©
<X
q square-full

for every € > 0.

Proof. Let a,, = 1if n is square-full, and 0 otherwise. Then
Z an = #{n < X | nis square-full} « Xz
n<X

By partial summation, we see

X
Yoogrt=x ) an—i-sf (Z an> totadt
n<t

a<X n<X 1
q square-full

X

« X5+3 4 sJ- t=5= 3 dt.
1

When s = 1, this is

2 < 1+log X « X°.

g<X
q square-full

3. EXPONENTIAL SUMS

3.1. Gauss sums. Fora € Z — {0},q € Z>1, m € Z" and ¢ : Z/q — C* a primitive character, define the Gauss

sum
Sola.miq.v) == 3, ¥(@Q(h) + (m,h))
he(Z/q)"
For brevity, we set
Sqla,m;q) = Sq(a,m;q,x — e’™a) = Z B
he(Z/q)"
Lemma 3.1. For g = ¢q1¢» with ¢; L ¢o, one has
SQ(G, m;q, ’l/)) = SQ(QQQ, m;qi, qu)SQ((haa m;qz, wa)
Here 1), denotes the homomorphism « — 1 (xg;) which defines a primitive character of Z/(¢q/g;). In particular,
for ged(a1, ¢1) = ged(ag, g2) = 1, one has
Sq(a1g2 + a2q1,m; q,¢) = Sq(a1, @m; 1, ¥q, ) Sq(az, Gim; g21bg, ).
Here q:q; = 1 (mod qi+1)-

Proof. By Chinese remainder theorem, one has

Sqla,m;q,v) = Z P(aQ(h1g2 + haqi) +{m, higs + haq1))
gy
D U(aQ(hgz) + (m, higa))P(aQ(hagr) + (m, hagi))t (alhigs, Ahaqr))

hi€(Z/q:)"
i=1,2

Since q | a{h1q2, Ahaq), the last factor in the summand is trivial. Hence

Sq(a,m;q,v) = Sq(qea, m; q1,vq,)Sq(q1a,m; g2, v,,)



For the last assertion, take a = a1g2 + a2¢; and notice that

SQ(qQ(aqu + a2Q1)7m§Q17¢q2) = SQ(GICI§»m§CI17¢q2) = SQ(a17QQ_1m;Q17¢q2)

We start with a trivial bound:
Lemma 3.2. Let gcd(a,q) = 1. Then
Sq(a,m:q,v)| < % ged(M, q)%.
Here M is defined in (1). In particular,
1Sq(a,m; q, )| <@ q*.

Proof. We have

Sqla,m;q, )P = > ¥ (@Q(h) + (m, ) ¥ (aQ(k) + (m, k))

h,ke(Z/q)"
(h—>h+k)= > ¢(al@Qh+k) —Qk))p((m,h)
h,ke(Z/q)"
= > P(aQh)+(m.hy) > ¢(a(Ah, k)
he(Z/q)" ke(Z/q)™
:qr Z '(/J(<m7h>)
heha

<q#he(Z/q" | Ah=,0}
If Ah=,0,then Mh = (MA~')Ah =, 0 since M A~ is integral. Hence
Sq(a,m;q,9)* < q"#{he (Z/q)" | Mh =, 0} = q" ged(M. q)"
The last assertion is clear as gcd(M, q)7 < M2 «g 1.
Lemma 3.3. Let N € Z>1,1 < ¢ < N and gcd(a, g) = 1. Then

2a @\ 2 1 miQ¥ (m) - .
2 (”q):(zz-) det A% 3] ™ Sg(a,miq)

mezr

and the sum on RHS is absolutely convergent.

Proof. The last assertion follows from Lemma 3.2. For the displayed equality, write
2a ; 2a
%6 <T+ > =YY Q)
4 he(Z/q)" meLr

Since

Q(h + qm)(T + %) (Q(h) + qlh, Am) + ¢*Q(m)) T + 2?aQ(h) (mod 27)

we see

2 . a ) ,
QQ (T + a) Z 671'1(7'+27)Q(h) Z eﬂlqu(m)Te'qu<h,Am>
17 nei@jay

mez"

. o Ah
Z 67”(T+27)Q(h)®@ (qT2 | q27_)
he(Z/q)"
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By Lemma 2.2, we have

r

m 2 3 4
9 <qu |q2T) - (qu) |det 4|2 MO0 (q | qv>'

Hence
9 2.\ 5 a h —4
b (7+ ) =(LT) |detar D) 2miMeg, (T =
Q . ; P\ T
he(Z/q)"
2.\ "% j >
= (Z7) ldeart 3 emian 3 nete g
1 he(Z/q)" meL”
9 _r X _
_ (‘”) detdlE Y SUE S g gniona/o
? mezr he(Z/q)"
2\ 2 Q¥ (m) >
_ () |detA| 3 Z ™ m q TSQ(G m; q)
? meL”
as we want. .

We will need an explicit formula for Gauss sums.
Lemma 3.4. Let g € Z3; be such that gcd(q, 2| det A|) = 1. There exist V € GL,(Z/q) and D € T,.(Z/q) such that
VAV =D (mod q)
Proof. By Chinese remainder theorem, we have

GL,(Z/g) = [[ GL.Z/p").  Tu(Z/g) = [| T(2/p")

P*lq P*lq
so it suffices to assume ¢ = p* is a prime power. The result follows from a Hensel’s lemma argument. Although
it could be computed directly by solving equations, we provide a reasoning in terms of algebraic geometry.
Consider the algebraic scheme X over Z whose R-points is given by

X(R):={(V,D)e GL,(R) x T,(R) | V!IAV — D = 0}.

Here T, < GL, denote the subscheme of invertible diagonal matrices. We show X is smooth over Z, whenever
p 12| det A|. Let Sym  be the Z-scheme of r x r symmetric matrices

Sym, (R) :={Ae M, (R)| A= A"}.
Consider the map
f:X —Sym,
which is given on R-points by the formula f(V, D) = V!AV — D. Then
dfv,py(z,y) = T AV + ViAz —y
Since the map X — X + X" defines a surjection M, (R) — Sym_(R) for any ring where 2 acts as an invertible
operator, it follows that from that fact that AV is invertible that df v, p) is surjective for all (V, D) € X(R). Since
X =f71(0)

by Jacobian criterion' X is smooth over Z,,.

Our goal is to show X (Z/q) is nonempty. It is sufficient to show X (Z,) # ¥, as there is a canonical projection

X(Z,) — X(Z/q). By Hensel’s lemma (c.f. [GH24, Lemma 17.7.5]), it suffices to show X (Z/p) # . But this
follows from the standard linear algebra fact (c.f. [Lam05, Corollary 2.4]). O

THere X being smooth over Z; actually means that the structural morphism X — Spec Z,, is smooth. FILL IN



Lemma 3.5. For gecd(g, 2a) = 1, one has

1—|—2
vt =50 () va
J:EZ“Z/(I 1+i q

Here ( ) is the Jacobi symbol and ay, € (Z/q)* satisfies 1)(z) = 2T
Proof. See [IK04, Theorem 3.4] and [Lan%4, IV, §3]. -

Lemma 3.6. Let (a,q) = 1 and m € Z". Suppose in addition that (¢, 2| det A|) = 1. Then

Sofamig.) = (A0 (242 ) (19240 (e

where aa =1 (mod gq).

Proof. By Lemma 3.4 we can find V € GL,.(Z/q) and diagonal D € T(Z/q) such that VAV = D (mod ¢). Then
we can write

S 9@Q(h) + m, ) "= p(ach, DhY/2 + (Vim, b))
he(Z/q)" he(Z/q)"

Write Vim = (m4,...,m,) mod g, and D = diag(ds,...,d,). Then the sum above is

[T w ad 2+t =[] Y 1/1<ad h+adm])>1/)< ad;mj>

je[r] heZ/q je[r] heZ/q

Firstly we note that

1_[ s < ad m; ) — (-211 Z[]dgm3> =1 <_2a<Vtm,D1Vtm>) = (—aQ*(m))

Jgelr]

Secondly, by a change of variables and Lemma 3.5, we deduce

113, o250 113, (o) - (155 (52) ) (45

€[r] heZ/q Tl heZ/q

Here throughout the proof 3 in the additive character ) should be computed in (Z/q)*.

—
3.2. Kloosterman-Salié sums. For (x, ¢, ¢) € (Z/q)* x (Z/q) , consider the complete character sum

SOcv,e) = Y, x@p@)e(™),

ze(Z/q)*

We will be considering the a special case:

A" 2miaC mib(- " b
S(a,b,r;q) :_S(<> ,62 q(>,e2 qu) = Z <1’) exp (2max+ :17>
1 ae(zfa)x N1 1

Here ( ) is the Jacobi symbol. When 7 is even, this is the Kloosterman sum. When r is odd, this is the Salié

sum.

Lemma 3.7. For a,b € Z, q € Z=1 and r even, one has

|S(a,b,7;9)| < (a,b,9)2q

m\»a
I\)‘H

d2(q)

where ds(q) is the divisor function.

Proof. See [IK04, Corollary 11.12].
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Lemma 3.8. Fora,be Z,qe 1+ 2Z~( and r odd, one has
|S(a,b,7;.q)| < (a,b,q)?q?da(q)
where ds(q) is the divisor function.
Proof. See [Edna Luo Jones’ thesis, Lemma 4.19]. O
3.3. A complete sum. Fora,be Z, m e Z" and ¢ : Z/q — C* a primitive character consider the complete sum

K(a,b,m;q,¢) = Y t(ad+bd)Sq(—d,m;q, )
de(Z/q)*

Lemma 3.9. If ¢ = g1¢2 with ¢; L g9, then

K(a,b,m;q,¢) = K(a,b,m; 1, Yg,55) K (@, b,m; g2, Yq,77)
Here g; is the inverse of ¢; in (Z/q;4+1)*.
Proof. By Chinese remainder theorem, we see

K(a,b,m;q,v)

Z ¥ (a(d1q2@ + daqi @) + b(d1g232 + doqi@1) Sq(—di1g2qz — daqu @y, m; ¢, 1))

di€(Z/q:)*
i=1,2

D1 g (ady + bdy) Yo, (ady + bda) So(—dige@ — daqn@r, mi ¢, )
di€(2/q:)"

1=1,2

By Lemma 3.1, we have
So(~dig2@ — daqi @1, m; 9, %) = Sq(~diTz, T2 q1, Vg, ) Sq(—doTr, Tim; g2, ¥, )-
The result now follows upon noticing
So(=diG2, @am; 41, ¥q,) = Sq(—d1,m; q1,Yg,75)
O
Now write ¢ = ¢1¢2 with ¢1 L g2 L 2| det A|. On one hand, by triangle inequality and Lemma 3.2, one has
K (a.b.m: g1, )| < ged(M.q1)¥qy 2

On the other hand, by Lemma 3.6 one has

L3 e (528 () ) (40 e
() ) (594) 3 () eter s
(35 (2)om) (49) 3 (£) sortostmsss


https://sites.math.rutgers.edu/~alexk/JonesThesis2022.pdf#page=56
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By the bound in §3.2, one has
d " —_ 1 1
)y <> Yo ((a+ Q*(m))d + bd)| < ged(ayqrgi(a + Q¥ (m)), apq1qid, 42)% ¢3 d2(qa)
de(Z/g2)* 12

= ged(a + Q*(m), b, q2) ¢35 d2(g2)

< ged(a + Q*(m), b, q2)* 43 da(q)
so that

r4+1

K (a,b, 1 g2, Ygr)| < ged(a+ Q*(m), b, q2)2 g, da(q)

In summary,

Lemma 3.10. Write ¢ = q1q2 with ¢; 1 g5 1 2| det A|. Then

-

1 41

K (a,b,m;q,%)| < ged(M, q1)% ged(a + Q*(m),b,q2)2¢7 4= da(q2)

4. KLOOSTERMAN CIRCLE METHOD

4.1. Feray sequence. Let N € Z>;. The Feray sequence of order N is the strictly increasing

0 a a d 1

=< <=<-<=<---<=-=1
1 ¢ qa ¢ 1
with 1 < ¢ < N and ged(a, q) = 1.

. _ad "o a . iy
Lemma 4.1. The adjacent points — and — to — are characterized by the conditions
q q q

¢ <N<q+q, a¢d=1 (mody)
"

¢"<N<qg+q", a¢"=-1 (mod q)

Proof. There exist x¢,yo € Zx1 such that axg — qyo = 1, and the general solution to az — qy = 1 is given by
(x,y) = (zo,yo) + t(g, a). Choose t € Z so that (t + 1)g > N — z¢ > tg; then the resulting (z, y) satisfies

r<N<zxz+q
Then ¢ is a reduced fraction of order C. We claim (as a pair) that
x

(z,y) = (¢, d).

Letd := aq’ — qa’ € Z>;1. One has then (¢, a’) = d(z,y) + s(q, a) for some s € Z. Since z + ¢ > N > ¢/, it follows
that s € Z<y and hence

¢ dr+sq

!
a _dy+sa<g<
x

SHES)

L a . . N a’ . . .
By definition of 7 this proves the equality (z,y) = (¢, a’). The characterization of 7 is proved in a similar

way. O

For0<g<1,set
q

ay a+a atd a -1 1
M{-):= / ’ 1" =-+ / ’ 1"
q ¢+q q+q g \qld+q alg+q")
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Set also

N 1 1
= _— 71 == Ty o
M(0) (O’N+JU<N+1’ ] O+< N+1’N+1]m0d1

Then one has

o) o= ] (2
0<a<g<N q

ged(a,q)=1

Lemma4.2. Let N € Ry;. Let f : R — C a periodic continuous function with period 1 such that f(—x) = f(z).
Then

Ll f(z)dr = 2Re 2 qu 2 f <x — Z) dx

q<N N<d<q+N
qgdr<l1
ged(q,d)=1

Here d is any integer such that dd = 1 (mod q).

Proof. Replacing N by |N|, we may assume N € Zx;. By (3) and the periodicity of f, we have

Jolf(;v)dx: D JM(Z)f(x)dx: D Jﬂqiwf@m)dx

0<a<qg<N 0<a<qg<N _m
ged(a,q)=1 ged(a,c)=1
By Lemma 4.1, the numerator a is inverse to ¢ + ¢’ = ¢’ mod ¢, and inverse to —(¢ + ¢”) = —¢” mod ¢. Hence
the last sum equals
0 = L =
d d d
Z J f<+x)d:c+Jq f(er)dx
<N<d< -4 q 0 q
gSN<d<q+N qd
ged(q,d)=1

Since f(—xz) = f(z), the above expression is simplified to

Jlf(:z:)dx_ > 2Requdf<xZ>dx_2Re2FV > f(mZ)dz

0 g<N<d<q+N ¢<N Y0  N<d<q+N
ged(g,d)=1 qdz<1
ged(c,d)=1

O

4.2. Performing the circle method. The proof of Theorem 1.1 will occupy this subsection. Upon applying
Lemma 4.2 to the function f(z) = 0g(2z + iy)e ™" (221 from (2) we see

an d . o
T(n, Q) — 9Re Z J Z 9@(2(95 _ 7) + iy)efﬂzn(Q(m*%)Jrly)dx
q<N Y0 N<d<q+N q
qdr<l1
ged(g,d)=1

Set

TQ(n,q;x) = Z 9Q(2($ _ )+iy)e2m‘ng
N<d<q+N
qdr<l1

ged(g,d)=1

ESHRSH|

so that

1
r(n,Q) = 2Re Z JQN To(n,g; x)efﬂ.”(hﬂ'y)dx
0

gs<N
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By Lemma 3.3 with 7 = 2z + iy, we have

a q2T ~2 TiQ* m)
bo(2to— D) +in) = (47) " Idetalt 3 I s (- mia)
q 21
meZ"
so that
2 3 w4 = _
To(n, ;o) = (‘12:) [det A"z ) MM N g (—d mig)
mez" N<d<q+N
qdr<1
ged(g,d)=1
Set
T(n, g x) := Z e2ﬂin%SQ(—E,m;q)
N<d<q+N
qdr<l1
ged(g,d)=1
so that

2 - . _
Tonagia) = (7)) ldetald ¥ T, 0, gia)

mezr

Lemma 4.3. Write ¢ = q1q2 with ¢; L g2 1 2| det A|. Then

\ -
*,

+
-

T (n, ;)| < 2log(2q) ged(M, q1)* ged(n,g2)2 g2 q = da(gs)

Proof. Note that by orthogonality one has

Z f(d) _ Z 1 Z 627”771’@ Z 627Ti%f(d).

N<d<g+N 0ez/q | 4 N<b=g+N de(Z]q)*
gdr<l1 gbzr<1
ged(q,d)=1
Hence
1 2mi =bL 2t 2mind =5
To(nge)= Y, | = D, €™ D, TS (=d,m;q)
vez)q \ 4 N<b<q+N de(Z/q)*
gbx<1
1 —be
= Z . Z M | K(¢4,n,m;q)
lel/q q N<b<q+N
gbr<1
One has

E Z 2| < 1rnin {q, 1 }
4y i q 2|1¢/4l
gbr<1

for ||-|| denote the distance to Z. Let us assume the sum over ¢ varies over a complete set of residue classes mod
g within the interval [—¢q/2, ¢/2]. For such ¢ one has ||¢/q|| = |¢|/g, so that

1 ; —bl .
- Z e*™ 7 | < min{1,

q N<b<q+N
qgbzr<1

2\€|}\ ||
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Here note either ¢ = 0 or |¢| > 1. Insert this bound and use Lemma 3.10 to conclude that

r+1

1 I 11
Ton(n, g )] < ) mng(M#h)?ng(f+Q*(m),n,qQ)QQfQ > da(g2)
[¢|<q/2
1 T 1 % r+1
> ged(M, q1)> ged(n, ¢2)2qf ¢ = da(q2)
1+
le]<q/2

L rqa

< (1+21og(1 + %)) ged(M, )% ged(n, a2) 77 4" da(a2)

41

< 2log(2q) ged(M, q1)% ged(n,42)2q7 ¢ da(g)

Let us write the decomposition

=D i~ , A
r(n,Q) = 2Re Z (J o JrJq ) TQ(n,q;x)e*’”"(zI“y)dx
0

1

gsN (et ™)
1 _r
@™y (g2 z . _
4) = 2| detA|7%Re Z J <(]27—> To(n,q;l')ef%m(hﬂy)dx
q<N Y0 t
1 qiN q27' _% )

(5) + 2| detA|7§6ﬂnyRe Z ) <Z) j’o(n7 q; 33)6727r7,nmdx

g<N ¥ q(¢+N)

W [(g2r\ 2 ke _

(6) + 2| detA|_%e’myRe Z J <q27-> Z eT”Q (m)p?Tm(q% q; Jj)e_%”nrdx

q<N 0 ! meZ—{0}

For a fixed n and ¢, notice that the value T;,,(n, ¢; ) is constantin 0 < = < m (as gbx < q(¢+ N)x < 1holds

in this range).

4.2.1. Main term. Note if 0 < x < ——L— then qdz < q(¢ + N)z < 1 holds automatically. Hence

q(q+N)’
1 2 ,% . ~
(4) = 2| detA|_%Re Z jQ(lHN) ((]7’) e~ Tin(2z+iy) Z e27mn% Z efgﬁl%dx
q<nN V0 21 Nein e
ged(g,d)=1
1
@ —r _
= 2| detAl’%Re Z (QTQQ(H, q) Jq ! (l) : emﬂ(2w+zy)dx>
q<N 0 21
where we’ve put
ind dQ(h)
gQ(na Q) = T’O(n7 q; 0) = Z 627””% Z 6727”T
N<d<q+N he(Z/q)"
ged(g,d)=1
— Z eQTring Z e_gﬂ—i%(h)
de(Z/q)* he(Z/q)"

ST emmom),

de(Z/q)* he(Z/q)"
From this expression it is clear that gg(n, ¢) € R. Hence

T

1
q(q+N) (
21

-5 . .
) e 7rm(23c+zy)dx

@ =2/deta| Y ¢ "gglna)Re |

q<N 0

1
1 a(q+N) T\ "% . .
_ -1 —r o —min(2x+iy)
|det A|™2 Y ¢ "go(n,q) ) (21) € dx

q<N “q(a+N)



Lemma 4.4

. One has
-z r r_1
PICES ) (l) ? o min(2ztiy) go. M I O((qN)%—l)
__ 1\ T (%)
q(q+N)
Proof. Write
LHS = f (Wy) 2 6_77in(2m+iy)dx _ <2$ + Zy) 2 e—ﬂ'in(2w+iy)d$
S o> gty N 2
We've seen in class (c.f. [PS, §2.6.9]) that

Spy5—1
J (y — ix) S 2 @) gy — @m)'n
R

I'(s)
1. Replacing y by y/2 and s = § in the above identity shows that

o\
f <2I + Zy) e*ﬂ'in(quLiy)dx — (27‘-)
R 21

fory >0and n >

-1
It remains to bound

r r
2Nz
S T(5)
r

f <2x + iy) 7 —min(aiy) gy o f
21> Z ey 2

|]>

x”2dr « (gN)z 7!

1
q(q+N)

So far we’ve arrived at

) = (2m)Enz—!

T AT Nz —2IT, :
|det AIT(%) Z q "gq(n, q)+0< N Q(n,q)>
gs<N
By Lemma 5.2 and a partial summation to the error term, one deduces that
(2m)zn3—1 £_q . 3=r =1
7 4= T2 s00,Q)+ 0 ( NS+ LN 5),
( ) ( ) |detA|1—\(%) (n Q)+ Q,f;‘ n2 2 + 2
where

Q) ==, q "go(n,q)-

We postpone the discussion of &(n, Q) to §5

4.2.2. Error term. Let A > 0 be the least eigenvalue of 1 A~ then |Q*(m)| = A ||m/| for all m € Z". Then

—4m Ay |m||
< P ( EIRE

oIQF () 2 r

92T

For 7 = 2z + iy with 0 < < (¢N)~ !, we have

|72 _ (422 +y?) _ AN=2 4 g2y
Y Yy Yy
Here we need to take
(W) y=N—"?
so that
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By Lemma 2.3 we have

. _ 2 2\ ¢
Z ewzQ*(m)(ﬁ—i <0 (q |T| >

meZr—{0} Y

for every ¢ > 1. By Lemma 4.3, we see that

2.\ "3

qQ°T 2iO% —4 o

( 2i ) Y I (g a)e e
meZ™—{0}

oz (PITIPN° - L3
<@larl™= (= — (210g(2Q)gcd(M7<J1)2gcd(n,qz)quq : dz(Qz))

i1
7 t€

_r 11
ey 2t gad(n, q2)7qi q

and hence

®) O)] <qe €™y 5 Y g
g<N

2+3+a(qN)—1 « e‘n'nyy—g—&-cN—%-f—e

To leverage the error terms in (7) and (8), we choose

(&) Nenb =

P
WV
—

Then
nETINTZ e L NTT pf 4 o™y steNTEte i be 4o tTbe T e e te
Finally, for (¢(¢ + N))™! <z < (¢N)~!, one has

2
2q _ 2q >
q(g+N)  q+N

¢’ =
so by Lemma 4.3 we see

]_ ]_ 42 ™ r—2 r—2 r—1
5)| <o e — = gz T« N2 ste « Nz te=p7tegpate
Ol e ™ 3 (o = g m)? DIl

This completes the proof of Theorem 1.1.

5. SINGULAR SERIES

In this section we discuss the analytic and arithmetic properties of the singular series

6(n,Q) =Y. ¢ "9q(n,q).

We emphasize that this is (at least formally for now) a Dirichlet series.

5.1. Absolute convergence. Recall that

mind 5 An=Q(h))
go(n,q) = To(n,q;0) = > ™™iSo(=d,0;9)= >, >, &7 .
de(z] )" de(Z]q)* he(Z]q)"

Lemma 5.1. ¢ — gg(n, ¢) is multiplicative.

Proof. Say q = q1q2 with ¢; L ¢2. By Chinese remainder theorem, we have

in d192+day
go(ng) = Y, " am So(—dige — daga, 03 q1g2).
diE‘(Z/qi)X

i=1,2



By Lemma 3.1, this equals

3 J2min (B )SQ( d1,0:q1)So(—d2, 0;q2) = go(n, q1)g0(n, g2).

d; E(Z/QL)X

=1

Lemma 5.2. The singular series
0
Z g "9q(n,q)

is absolutely convergent for n > 0 and 7 > 4. One has

1 ,ifr>=5
n® ,ifr=4

6(”3 Q) <<Q,s {
for every € > 0. One has
Z ¢ "90(n,q) = &(n,Q) + O(N =" +%)
g<N

r—3
for 0 <=2
or0<e 5
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Proof. For readers’ convenience, we replicate the argument in [HB96, §11]. Write ¢ = ¢'¢” with ¢’ square-free,

q" square-full and ¢’ L ¢”. By Lemma 5.1 and Lemma 3.2, we see
9e(n,q) = 8q(n,qd)gq(n,¢") <@ lgq(n,q)lq

By Lemma 4.3 and the fact that (¢')1 < rad(2[det A|) := ], 2| get 4) P, We see

laq(n.q')| < 2log(2q') ged(M, (¢')1)% ged(n, (¢')2)% ()7
<0 q’%” ged(n, q')%

Hence
> lsemq)l « Y ¢ FEg 5 e ged(n,q')?
q<N q<N
< NTHE > '3 ged(n,q') = N7+ > q"
q<N //<N
Now
Z ged(n, k) sz Zp— Xda(n
k<X p|n k<X p|n
k square free plk
so that
Y loq(n.q)l « N25 3 "3 Zdo(n) < N5 Fda(n) )]
q<N //<N q,,SN

q" square-full

Here we’ve used Lemma 2.5. By Lemma 2.4 the series is absolutely convergent as long as

. Yeen 8@ r+3
r > limsup =

= 2
Nooo log N 2 e

or 7 > 3 + 4¢. In addition, by the identity in the lemma, we see

S(n, Q) «g da(n) « n®.

"M+3

Z ged(n, q')
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For r > 5, simply notice that by the trivial bound we have

q=1 q=1 q>1

The last assertion follows from the same lemma. O

5.2. Local densities. By the lemmas above there is an Eulerian product expansion:

Q)Zﬂip*'”g (n,p*) H<1+2p’” np)

p<0 k=0 p<00

Following the discussion in class (c.f. [PS, §2.6.7]), we see

n) _ Z pikrgQ(n,p — lim Z p kr TL — lim #{ﬂf € (Z/pk)r ‘ Q(SL’) - n}

E—w k—o0 pk ("‘ -1 )
In fact, the limit stabilizes:

Lemma 5.3. For n > 0, one has

for k > max{2ord, 8 det A, ord,, n}.>

Proof. Let X be the zero locus of Q — n, viewed as a Z-scheme. Note 0 ¢ X (Z/p™) for all m > ord,n + 1,
asn # 0 (mod p™). For simplicity, we assume p L 2det A to demonstrate the technique, and leave the case
p | 2det A for the readers.

Suppose p L 2det A. We claim that X (Z/p™*!) — X(Z/p™) is surjective® for all m > ord, n + 1, and each
fibre has size p"~!. Let v € X(Z/p™), and lety = x + p™a € (Z/p™ )" for some a € (Z/p)". Then

Qy) = Q) +p*Q(a) +2p™(a, Ax) = Q(z) + 2p™(a, Az) (mod p™*).
Write Q(x) = p™b for some b € Z,,; then
0=p"b+2p"(a, Ax) (mod p™*1)

is equivalent to b = —2{a, Az) (mod p). Since —2Az # 0 mod p, there are exactly p"~! such a solving the

congruence. Hence

#X(Z/pm ) p T MX(Z/p™)  #X z/r™)

p(7n+1)(r—1) - p(m—i-l)(r—l) - pm(r—l)

Corollary 5.3.1. One has ¢,(n) # 0 for p L 2|det A|.

Proof. This follows from Lemma 5.3 and the fact that Q(x) = n is always solvable in Z; when r > 4 (c.f. [Ser73,
p-37 Corollary]). |

Remark 5.4. In [IK04, p.479] it is claimed that d,(n) # O for all p | 2| det 4| if and only if the congruence
Q(z) =n (mod 27| det A|?) is solvable. I cannot work out a proof nor find a precise reference.

Remark 5.5. Corollary 5.3.1 can also be proved by an explicit computation, at least when r is even. See [1K04,
p.479].

2In [Iwa97, p.184] the limit is claimed to stabilize for £ > 2 ord, 8 det A, while in [Igu78, p.78 (79)] (in a purely local setting) the stable
range depends on n. The argument provided below can be viewed as a very special case of the one given in [Igu78].

3The surjectivity statement follows from Hensel’s lemma (c.f. [Ser73, Theorem 2.2.1]). We replicate the proof to compute the size of the
fibre.
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